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ABSTRACT

The Cauchy problem for u, + ZL (@), = Ois treated via the theory of
semigroups of nonlinear transformations. This treatment requires the development
of results concerning the time-independent equation u + Z;; (@i (), = h for
heI!(R"), which in turn is studied via the regularized equation

ut+ X' ($iw), —eAu=h

Introduction

This work treats the Cauchy problem (hereafter called (CP)) for the scalar
quasilinear equation

(DE) u, + i (¢i(u)),, =0 for t >0, xeR"

i=1
from the point of view of the theory of semigroups of nonlinear transformations.
The semigroup approach exhibits the structure of (CP) in a way different from
earlier works and provides a new perspective from which to view the problem.
The resulting existence theorems go beyond known results. Moreover, as an
intermediate step in the development, the existence and uniqueness of certain
solutions are established for the equation

® W) + T G, = hx) xR

for given h.

It is known that any global existence theory for (CP) must involve generalized
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solutions and it turns out that the same is true for (1). On the other hand, the
semigroup theory only provides generalized solutions to abstract Cauchy problems.
Much of our interest lies in the interplay between the three definitions of *‘gen-
eralized”” involved here and in illuminating the scope and nature of the abstract
theory. A serious attempt has been made to make Sections 1 and 2 of the text
intelligible to the reader who is not familiar with the theory of semigroups of
nonlinear transformations.

This investigation was strongly influenced by the penetrating work of KruZkov
[13]. Kruzkov treats (CP) in the class of bounded and measurable functions and
generalizes (DE) to allow the ¢, to depend on ¢ and x as well as u. Here we will
show how (CP) may be interpreted in L'(R") via the semigroup theory. Quinn [14]
makes interesting observations about piecewise continuous solutions of (CP) and
semigroups of contractions in L'(R"), but does not construct a semigroup or a
generator. The introductions and bibliographies of [13], [14] provide further
references to the substantial literature dealing with (CP). Also see the recent work
[10]. A summary of the semigroup theory is given in [6] and the results used here
are proved in [8].

Section 1 of the text contains the necessary definitions, statements of the main
results and some preliminary discussion. Section 2 contains the proofs of the main
results. Here generalized solutions of (1) are obtained as limits of solutions of the

regularized equation

™M=

2) u+ . (¢:(W)y, —eAu=h

t

I

1

as ¢ 0. Various results concerning (2) are developed as needed. Section 3 is
devoted to the especially simple case n = 1 which can be treated in greater
generality and simplicity than n > 1 and which provides some interesting examples.
Section 4 contains comments of various kinds.

The author would like to thank A. Pazy and H. Brezis for their valuable advice
concerning this work.

1. Preliminaries and statement of main results
The Cauchy problem (CP) consists of (DE) and the initial condition
(IO) u(0,x) = ug(x), xeR"

where u, is a given function on R”. In order to rewrite (CP) in an abstract form,
choose a Banach space X of real-valued functions on R" and regard the function
u in (DE) as a map of [0, o) into X (the map t — u(t, - )). Let



110 M. G. CRANDALL Israel J. Math.

(1.1) Av= T (B,

for ve D(A), where D(A) is a “‘suitable’” subset of X. Then (CP) can be formally
rewritten as the abstract Cauchy problem

(ACP) %':— + Au =0, u(0) = u,.

The theory of semigroups of nonlinear transformations provides (generalized)
solutions to problems of the form (ACP). In order to apply the abstract theory to
(ACP), it more than suffices to verify the following very simple conditions on A:

(12) RI+AD) =X  fori>0,

and

(1.3) ”(v + AAv) — (y + AAy) H > ” v—y “ for 2> 0 and v,y e D(A),
where | | denotes the norm in X. It is a real convenience that the theorem

concerning generation of semigroups which we will use does not require 4 to be
a function. In greater generality then, let Av be a nonempty subset of X for
ve D(A). Condition (1.2) remains meaningful if we set

R(I +24) = J{v + Av: ve D(4)},
and (1.3) may be reformulated as
(14)  |w+iw)—(y+42)| 2 |v—y| for A>0,weAv and ze Ay,

Another formulation of (1.4) is obtained by defining (I + 24)™ (v + Aw) = v for
we Av and 2> 0. Then (I + 24)™! is a function and (1.4) simply reads

(1.5) |(I+24)"'p—(I +24)"q| < || p — q| for p,qgeR(I + 14) and A > 0.

We will take the term “‘operator” to include such ‘“‘multivalued operators”. An
operator satisfying (1.4) (equivalently, (1.5)) is said to be accretive in X.
The following theorem is a special case of the results of [8].

GENERATION THEOREM. Let X be a Banach space and A be an accretive
operator in X such that R(I + AA) =X for A > 0. Then for each ¢ >0 and
ug€ X the problem

e (u,(1) — u,(t — £)) + Au(1) 50 for £20
(1.6) {

u, () = u, for t <0

has a unique solution u,(t) on [0, ). If uy € D(A), then lim,;ou,(t) exists uni-
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formly for t in bounded sets. If S(Yyuy = lim,,ou,(t) for u, eD(A) and t2 0,
then S(t) is a semigroup of contractions on D(A). In other words, we have
5(f) : D(A) - D(A) for t Z 0; S(HS(x) = St +7) for t, T = 0; || Sy — S)w||
=< |] v—w “ for t = 0 and v, we D(A); S(0) = I and S(t)v is continuous in the
pair (t,v).

If A satisfies the assumptions of the Generation Theorem and S is the associated
semigroup, then S(t)u, can fail to be differentiable for all ¢ = 0 even if u, € D{A4).
However, S(t)u, provides a notion of a generalized solution of (ACP) (rewritten
Oedu/dt + Au, u(0) = u, if A is multivalued) which agrees with more classical
notions of a solution provided that such a solution exists. See [1] and [8].

We will choose X = L!(R"™) and verify the hypotheses of the Generation Theorem
for a generalized version of the 4 of (1.1). Then the Generation Theorem provides
a generalized solution S(f)u, of (CP) which we show coincides with the generalized
solution of Kruzkov [13] under suitable hypotheses. The following notation will

be used whenever it is meaningful:

¢ = (¢1"":¢n):R—’R”
¢' = (¢1,--»¢,) is the derivative of ¢

I
M=

$(v); (@i(v(x))y, if v: R" > R

I
-

fi = (fip-f.)iff:R">R

ab= X ab;ifa,beR"
1=1
1 if r>0
signyr = 0 if r=0
-1 if r<O.

Our first task is that of defining the A associated with (CP) in L'(R"). 4 will be
the closure of A,, which is defined below:

DEFINITION 1.1. A4, is the operator in L'(R") defined by: veD(4,) and
we Ay(v) if v, w e IA(R"), ¢p(v) € I}(R") and

(L.7) L signg(u(x) = ) {($(v(x)) — PRNS(x) + w(x)f (x)}dx 2 0

for every fe C3(R") such that > 0 and every keR.
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Equivalent definitions of 4, are given in the appendix by Brezis. The following
lemma helps to motivate Definition 1.1. C}(U, V) denotes the set of once con-
tinuously differentiable maps of U into V. The V or (U, V) will be suppressed when
the context makes them obvious. A subscript zero indicates compact support.
The normalization

(1.8) $(0)=0
is assumed throughout this paper.

LemmA 1.1. Let ¢ €C" and A, be given by Definition 1.1. If ve C{R",R),
then ve D(Ay) and Agv = {$(v),}.

ProOF. Let ve Cy(R™). Then, by (1.8), ¢(v) € C5(R") = L(R"). For ® € C(R, R)
and fe C3(R"), integration by parts shows that

@@é@ix = [ ([ @6 s)ds) Sxdx
J. [0

- L ( fkv(x)(l)’(s)¢’(s)ds) £.(x)dx.

Next choose ®(s) = @y(s — k) in (1.9), where

(1.9)

—s if s £-1]1
(1.10) ®s) = | (/s> +1/21 if [s| <1/
s if s =1/,

and let I » oo to obtain

(1.11) fRnsigno(U(X) = [(¢(u(x)) — dk)f(x) + $(v), f(x)] dx = 0.

This shows veD(4,) and ¢(v), € Aov. Finally, assume ve D(4,) N L°(R") and
we Agv. Then using successively k = ” v Hw +1 and k= — ([[ v Hw +1) (‘[ \[p
denotes the I?(R") norm) in (1.7) shows that w = ¢(v), in the sense of distributions.
Hence Ayv = {w}, that is, 4, is single-valued on bounded functions. The proof is

complete.
Lemma 1.1 shows that A, extends the A4 of (1.1) on C&(R"). Indeed, (1.11)

holds if ve C(R", so if ve C'(R") N L'(R") and ¢(v) € L}(R™), then ¢(v), € Ao
Generalized solutions of (1) are defined in terms of 4,. Let A be the closure of
Ay, ie., ve D(4) and w € Av if there are sequences {v,} = D(4,) and {w,} such that

W € Aovy, and v, — v, w, —>w in I}R").
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DeriNtTION 1.2, Let he L'(R"). Then ueL'(R") is a generalized solution of
(1.12) u+ou),=nh
provided u € D(4) and heu + Au.

One of our main results is:

TreoreM 1.1. Let ¢ be continuous and limsup,_o [¢(r)|/|r| < co. Then the
closure A of A, satisfies the assumptions of the Generation Theorem. In particular,
u=(I+ A)"'h is the unique generalized solution of (1.12) for he L'(R").

We will subsequently establish various properties of generalized solutions of
(1.12). In particular, we will show that R(I + 4,) = L'(R") N L*(R"). Thus, if
heL!(R") N L*(R"), the generalized solution u of (1.12) is defined by setting
v=u, w=h—u in (1.7) and requiring ¢(u)e I}(R"). Moreover, in this case,
u e [*(R") so the end of the proof of Lemma 1.1 shows u + ¢(u), = h holds in
the sense of distributions.

According to Theorem 1.1 and the Generation Theorem, a semigroup of
contractions S(¢) is determined by the closure A of A,. Various properties of
this semigroup are listed in the next theorem whose proof consists mainly of
establishing analogous results for solutions of (1.12).

THEOREM 1.2. Let the assumptions of Theorem 1.1 hold and S be the semi-
group of contractions on D(A) obtained from A via the Generation Theorem.
Letu,veD(A)and t 2 0. Then:

@) If 1£p= o and ve!(R"), then S(t)veI’(R*) and “ S(t)v”pg "v“p-
(i) If ve L*(R"), then

T
[ [ 500000 = -+ signa(S000) ~ LGSO — #0020

Sor every f(t,x) € C5((0, T) x R") such that f = 0 and every keR and T> 0,
(iii) If y e R", then

L ,.’ S(®u(x + y) — S(Ho(x)|dx < fR[ v(x + y) — v(x)| dx.

(iv) If h* = max(h,0) for h: R" > R, then
[SOIENOHM S [CEn
(v) LnS(t)v(x)dx = J;nv(x)dx.
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Kruzkov [13] defines a solution of (CP) for u,eL”(R") to be a function
u € L*([0, 00) x R") such that the inequality of (ii) holds with S(#)u(x) replaced by
u(t,x) and the initial condition (IC) is satisfied in the sense

t—>+0
teR —Q

(1.13) lim f' |<K] u(t,x) — uo(x)| dx =0

for every K > 0 and some t-set Q of measure zero. Kruzkov generalizes (DE) to
allow ¢ to depend on ¢t and x as well as u. A special case of his results is the
existence and uniqueness of solutions of his type for ¢ € C! when ¢ depends only
on u. We do not require ¢ € C', but we have not been able to show D(A) = L'(R")
in the generality of Theorems 1.1 and 1.2, although this is obvious if ¢ € C* (see
Lemma 1.1) and can be shown in many other cases. Theorem 1.2 implies S(#)u,
is a solution of Kruzkov’s type if uy € D(A) N L*(R") ((1.13) holds with K = oo,
Q=0g).

KruZkov’s uniqueness proof requires ¢ € C' (or at least that ¢ be Lipschitz
continuous). However it may be modified to establish uniqueness of solutions in
the sense (ii) and (1.13) with K = oo (see [7]). It is interesting to note that if ¢ is
not Lipschitz continuous, then (CP) loses its hyperbolic character. More precisely,
given t, r, a > 0 there will in general not be a number M such that |u !, I v[ =r
and u =v a.e. on |x| <M implies S()u = S(t)v ae. on |x| < a. If peC' the
hyperbolic nature of (CP) and Theorem 1.2 can easily be used to deduce existence
of solutions of KruZkov’s type for uye L*(R").

Another interesting point is that we ‘‘solve” (CP) for uy,eI!(R") and then
S(f)u, is not in L*(R™), in general. Note that (ii) does not make sense for un-
bounded S(f)v(x) (without extreme restrictions on ¢), nor does ¢(v), have a
sense if ¢(v) is not locally integrable. Thus Theorem 1.1 can be regarded as
assigning a meaning to (CP) for u, € L'(R") and solving the resulting problem at
the same time, Moreover, we remark that so-called ‘“‘entropy’’ conditions, which
acquire a very general form in the notions of generalized solutions of [13], are
shown to have, via Theorems 1.1 and 1.2, a stationary sense, i.e., our ‘‘entropy’’
condition is Theorem 1.1 in which “‘¢>> does not appear. Theorem 1.2 (iii) implies
that if uye L'(R") has distribution derivatives which are measures of bounded
variation, so does S(t)u,. This shows an invariance previously noted in, e.g., [4]
and [16]. Theorem 1.2 (iv) shows that u > v implies S(t)u = S(¢)v, a property
well known to be associated with (CP). Also see [12].
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2. Proofs of the main results

While Theorem 1.2 appears more complex than Theorem 1.1, it is easily proved
once the tools developed to handle Theorem 1.1 are available. The core of the
proof of Theorem 1.1 is contained in the various preliminary results given below.

PrROPOSITION 2.1. Let A, be given by Definition 1.1. Then A, is accretive in
L(R").
Proor. We first give a simple tool for demonstrating accretiveness in L' (R").

DEerINITION 2.1. Let u: R"— R be measurable. Then sign u is the set of all
measurable v: R* - R such that |v(x)| < 1 a.e. and p(x)u(x) = | u(x)| a.e..

Note that signyu esignu, so sign u is always nonempty.
Lemma 2.1. Let ueL'(R"), ve L'(R") and aesignu.If [g. avdx 20, then
lu+av| z|ul; for 120

PROOF.

lu+lv]dx > f (u + )adx = f lu[dx+lf avdx gf |u|dx
R® Rn Rn Rn Rn

for 1 = 0.

We continue with the proof of Proposition 2.1. Here we borrow strongly from
[13]. Let veD(A4,), wedov and ueLl'(R") be such that ¢(u)e L}(R"). Let
g(x,»)eC(R* x R"), g 2 0. Set k=u(y), f(x)=g(x,y) in (1.7) and integrate
over y. This yields

f . signy(v(x) — u(y)){($(v(x)) — du(y))g.(x,y)
2.1 "xRn

+ w(x)g(x, y)}dxdy 2 0.

If ue D(A4,) and z € Ayu, the inequality symmetric to (2.1) holds (interchange u
and v, then z and w, then x and y). Add the two inequalities to obtain

0p | sE0) DGO - HuoN, + 0,
+(w(x) — z(y))g}dxdy 2 0.
Now let § € Cg'(R) be non-negative, even and [zé = 1. Let

(2.3) AMx) = I”—[ o(x;), A(x) = R™"A(x |h) for h >0,

that is, 4, is a standard smoothing kernel such that convolution with A, tends (in
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various senses) to the identity as k] 0. Let fe CP(R") be non-negative and set

o) =1(*52)n(*32)

in (2.2). Set 2§ =x + y, 27 = x — y in the result to yield
J.R" [fk (signo(v(& + 1) — u(€ — M) {(SW(E + M) — P(u(E — NS

+(W(C +m — 2( — M)A }dE]A(mdn 2 0.

Denote the integral in [ ] by I (). We want to let k0 in (2.4). Clearly I (1) is
bounded (since fe CF(R™)), and due to the definition of 1, we have

(2.4)

2.5) lim inff I (m)A(n)dn £ limsupl ().
B0 JR® [1] >0

Difficulties arise from lack of control of the expression (signy(v(¢ + 1) — u(& —n)))
W& +n)—z(E—n))as [ ] ] — 0. To handle this we will use the following technical
lemma.

LeMMA 2.2. Let {B,} be a sequence in L}(R") such that B,— B in LNR". If
oy € sign B, then there is a subsequence {0, } and o csignf such that {o,} con-
verges to a in the weak-star topology on L®(R").

The proof of this lemma is given in Section 4. Now choose a sequence {7},
Ink] -0, such that lim, ., I.(n,)=limsup, oI (). We use Lemma 2.2 to
assume (passing to subsequences if necessary) that

(&) = signy(v(& + m) — u(& —ny))

converges weakly-star in 1°(R") to an element « of sign(v(&) —u(&)). Then, using
(2.4) and (2.5),

limsup () = im I,(n) = | ) [(400) - HUENAQ)
(2.6)
+ () — ZOE 20.

In other words, for each non-negative fe CY(R"), there exists o esign(v — u)
(depending, perhaps, on f) such that (2.6) holds. Next choose a function
k € Cg(R) such that ¥ 2 0 and «(s) =1 for ls[ <1. Setf(&) = x(lé[/l) in (2.6),
let I - co and use Lemma 2.2 in the obvious way to conclude that there is an
o esign(v — u) for which
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f Q)W) — z())dE 2 0.

Lemma 2.1 now shows
[v—u+iw—2)|,z|v—u| forizo0.
Since u, ve D(4,) and w € Ayv, z € Ayu were arbitrary, the proof is complete.

It is obvious that the operation of closure preserves accretiveness, so the closure
A of A, is accretive in I!(R"). In order to prove R(I + A4) = I}(R") for A > 0, it
suffices to show that R(I + A4,) is dense since when A is closed (i.e., the closure
of A is A) and accretive, then R(I + A4) is closed for A > 0, as the reader can
easily check. We have not yet used any assumptions on ¢ (see Proposition 2.1).
We will proceed by solving the equation

u+Ap(u), —eAu=nh
for ¢ > 0 in the case ¢ € C! and ¢’ is bounded. Estimates that are independent
of ¢ and ¢ are obtained which will allow us to let ¢ 0 and to relax the assumptions
on ¢.

H*(R™) denotes the Hilbert space of real-valued functions whose distribution
derivatives of order at most k lie in I*(R"). H¥(Q) is defined similarly for open
subsets Q of R".

PROPOSITION 2.2. Let ¢peCt, ¢’ be bounded and A, ¢ >0. Then for each
he*(R") there is a ueH?*(R") such that
2.7 u + Ap(u), — eAu = h.

ProoF. Define the operator B: HY(R") < I>(R")—I*(R") by Bu = ¢(u),
= X7y ¢{(uu,, for ue HY(R"). It is clear u e H'(R") implies Bu € I*(R") since
the assumptions on ¢ imply

I I R o N T s P Ry < P
where K = sup, .z [d)'(u)]. (We use ] [ to denote the Euclidean norm on R").
The following perturbation result will be used to obtain existence for (2.7).

LemMMA 2.3. Let H be a Hilbert space, T; a non-negative self-adjoint linear
operator in H and T,: D(T,) = H— H be a single-valued operator with the
properties D(T,) = D(T,) and

6) (Ty(u),u) =0 for ueD(T)),



118 M. G. CRANDALL Israel J. Math.,

(ii) there is a k<1 and a function K: R* = R such that ueD(T,) and
” u” < M implies

| | s k| T | + KM,

(iii) if T = D(T,), I and T,I" are bounded then T,: I — H is continuous from
the relative weak topology on I into the weak topology on H.

Then the map u— u + T,(u) + Ty(u), ueD(T}), is onto H.

Lemma 2.3 is essentially a very special case of [2, Theorem 2] and will not be
proved here.

In our case we take H = I>(R"), T, = AB, T = — ¢A (D(T;) = H?(R")). We first
show (T,u,u) = A(Bu,u) =0. One has

29) B = [ @ @mudx = i

where y(u) = [4¢'(s)sds. Since ¢’ is bounded, u e I*(R") implies y(u) € L'(R").
The equality (Bu,u) = 0 follows from (2.9) and the obvious fact that v e I(R")
and v,, € L'(R") for some i, 1 < i £ n, implies [gat,,dx = 0. (This remains true if
veI’(R") for some p, 1 < p < o, and v, € ['(R"), but is less than obvious in
this case.) The estimate (ii) follows from (2.8) since
A B> < 2K u. [, < 2KG?| Au 7+ Q2| u ]2
< AKy(1/e) || eAu ”2 + (4K [y) H u "2

holds for every y > 0. Simply choose 0 <y < ¢/AK. For the condition (iii), let
{u;} be a sequence in H*(R") for which {u;} and {— eAu,} are bounded in I2(R").
Then {u;} is bounded in H*(R"). Let u; —u (weakly) in I*(R". Since {Bu;} is
bounded, the proof will be complete if we show Bu; — v in [?(R") implies v = Bu.
However, {u;} being bounded in H*(R") implies it is strongly precompact in
H'({xeR":|x| £ K}) for each K. Thus there is a subsequence {u,} with the
property u;, — u in *(R") and u;, ~ u in H'(Q) for each bounded Q < R". Hence
Bu;, — v and Buy, = ¢'(u;,)u;,, imply v = Bu. The hypotheses of Lemma 2.3 have
been verified, and proof of Proposition 2.2 is complete. Later we will show the

solution of (2.7) is unique for h e I}(R") N I?(R"). The next lemma collects some
a priori estimates.

LeMMA 2.4. Let the assumptions of Proposition 2.2 hold. Let ueH?*(R")
satisfy (2.7) where h e IP(R"™) for some p, 1 £ p £ o0. Then ucI’(R") and

[uf, < n],



Vol. 12,1972 FIRST ORDER QUASILINEAR EQUATIONS 119

Proor. We treat the case 1 < p < oo first. Choose a sequence o, ; of monotone,
Lipschitz continuous, piecewise smooth and odd functions which satisfy

(i) lima,,(r)=|r|?"!signr for reR
(2.10) Ire
Gi) |r|Pt 2| apu)] for reR.

The property (2.10) may be restated as
(2.11) ra, () 2 |0, 0%  g=p/(p—1)
if p > 1. Multiplying (2.7) by «, (u) one finds
(uot, (1) + A(u) o, (1) — e(Au)ar, (u))dx =f ha, (u)dx
(2.12) Re R
= ” h ”p” “p,l(u) Hq

where the right-hand side is finite by (2.10) (ii) (or 2.11) since u, o, (u) € [2(R").
The contribution of each term on the left is estimated below:

(2.13) J‘ ua, (u)dx = f ]fxp,,(u)]"dx
Rn R®
by (2.10) (ii) and the oddness of u.
(2.14) f (Aw)a, (w)dx = — J o), ()| u.|2dx <0
Rn» Rn

since a,,; is monotone.

(2.15) f du)2, (w)dx =J (Jw ocp,,(S)qs/(s)ds),‘dx =0
R» R» 0
since [ a, [(5)¢'(s)ds € L'(R"™), because ¢’ is bounded and |oz,,,,(s)| < cons. Isi
Using (2.13)-(2.15) in (2.12) yields
[ Joleas < 1h o001,

or

(] Jenioltas) o <,

Since |a,((u)|*— | u[P as k- oo, the result follows from Fatou’s Lemma (the
reader may want to check that p = 1 causes no trouble above).

We use a device of Stampacchia [15] to treat p=co. If M = h* a.e., then
subtracting M from both sides of (2.7) and multiplication by (u — M)™* yields

(u—M)u—M" + Apw)(u—M)* —e(Au)(u~M)* = (h—M)(u—-M)* £0.
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Now [pndp(u),(u —M)*dx=0 and [p.Au(u—M)*dx <0 as before, 'so
{ra(u — M)(u — M)*dx £0, which implies (u — M)* <0 or u<M ae. A
similar estimate shows that if M > h™ = max(0, —k) then —M < u a.e.. Since

we can take M = || h|,,, the proof is complete.

Remark 2.1. The proof shows — ” h- ”w fux “ ht ”w
The next estimate establishes uniqueness of solutions of (2.7) for heI?(R"
NIMR™ and is the heart of our development.
PROPOSITION 2.3. Let the assumptions of Proposition 2.2 hold and u, v e H*(R")
satisfy
u+ AP(u), —eAu=nh
v+Ap(v), —eAv=g
where ¢ > 0. If h, g € L*(R"), then

=) [, 2[h =" |
ProoF. Define ¥, by ¥/ = ®;*, ,(0) = 0, where @, is given by (1.10). Let
12f20/cCP(R")and w=u — v. Then

w+ Ap(u) — ¢(v) — eAw =h —g.
Multiplying the above by y|(w)f and integration yields
(2.16) L" {Wiw)f + A d(u) = () Yi(w)f — e(Awhpi(w)f }dx < | (h = g)* |4
since 0 < y//f < 1. Now yi(w) e HY(R"), ¥}, fZ 0 s0

J Agionfdx = = | 0] w[Fdx J Viwmfdx

LY
~

= = | vion]wrax + j AT gfm V(WS dx.

Y

Letting [ - oo yields

™

2.17) lim sup —(Awl(w)fdx = —J

w' Afdx,

-0 R

(Y

where we use that w e L'(R") by Lemma 2.4. Next,
f @) — PN dx = ~ f O ORETONNES

- T vione0) - sonsax,
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where Q; = {x: [ u(x) — v(x)] < 1/l} and we used that y/j(w) =0 off Q. For the
first term we note [w W) (d(u) — (/)(v))l IK ]u - v[ K on Q; where
K g,qb’ ] Hence, by the dominated convergence theorem,

lim sup

-

JQ VW) () ~ $)wfdx

gKJ | we|fdx
Q

where Q = N;Q;. But u =v on Q implies w, =(u —v), =0 a.e. on Q (see [15
appendix]) so the integral on the right is zero. Thus

(2.18) lim SUPJ Yiw)(9(u) — dp(v)).fdx 2 —J | () — $())f; |dx.

Using (2.18) and (2.17) in (2.16) and letting | - oo yields

(2.19) f widx = Ly*Afdx - j [0 - o lax < | (g = w* |

for every fe C3(R™), 1 = f = 0. Choose a function k € Cg(R) such that 1= x>0
and x(s) = 1 for | s| < 1. Set f(x) = (|| x| /) in (2.19) and let [ > co (using that
w=u -0 and l o(u) — qb(v)[ are in L!'(R") to obtain

J w+dx=J' (u—v)*dxé“(g—h)““"r

The proof is complete.
The next corollary is an immediate consequence of Proposition 2.3,

COROLLARY 2.1. Let the assumptions of Proposition 2.2 be satisfied. Let
u, ve H*(R") and
u+Ap(u), —eAu=nh
v+ Ap(v), —eAv=g

where h, g e }(R"). Then [[ u—v “1 < ” h—-g “1 Moreover, if g = h a.e., then
v=2uae.

With the next result, the proof of Theorem 1.1 is essentially complete.

COROLLARY 2.2. Let ¢ be continuous and limsup,_, |¢(r)]/|r] < oo. Let A
be given by Definition 1.1. Then R(I + A4,) 2 L'(R®) NL*(R") for A > 0. Let
T;: LM(R™) N L*(R") » L'(R") be the restriction of (I + 1A,) ™! to L'(R") N L°(R").
If h,g € I}(R") N\ L*(R"), then the following statements hold:

() If1<p< oo and he (R"), then T,he IZ(R") and “ T.h “p < ” h“p.
(i) —[r o= Th< | R, ae.
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(i) |(Th - T = [ =" |,
(iv) [rT3g(x)dx = [rng(x)dx.

Moreover, T, commutes with translations.

ProoF. Choose a sequence {¢ }i, of C' functions such that ¢ (0) = 0, ¢, is
bounded and {¢,} converges to ¢ uniformly on compact sets. Given A > 0, define
Toi: L(R" N L*(R") - L{R") N L*(R") by T, ; h = u if ue H*(R") and

u+Ap (u), — (1/DAu = h.
T,.1is well-defined by Propositions 2.2, 2.3 and Lemma 2.4 and it has the properties
claimed for T, in Corollary 2.2 by virtue of Lemma 2.4, Remark 2.1, Proposition
2.3 and the obvious fact that T, , commutes with translations. Let h e L'(R")

N L*(R") and u; = T, ;h. By Corollary 2.1 and the translation invariance of T, ; we
have

(2.20) f [u(x + y) — w(x)]dx < f | h(x + y) — h(x)|dx
R» R»

for y € R". The estimate (2.20) and | ;| < | & |, imply that {u,} is precompact in
Li,.(R". Thus there is a subsequence {uy;} of {u;} which converges a.e. and in
L;,.(R™ to a limit u e L'(R"). We denote this convergence by -», uy ;> u. Let
f€CF(R™) and ®: R — R have a piecewise continuous second derivative. Multiply
the equation satisfied by u; by ®'(u;)f. Integration over R" and some integration
by parts yields

L"{uﬁ)'(uz)f — U@ (u),(u) — B(k) (k).

+ 1(}: " (s)¢,(s) ds)fx + (/1) (" Cup) | ure |

— O(uAf)ldx = J h®’(u))fdx
for every k € R. The identity
' (up) ¢ (w): = (D' (u), () — ®’(k)¢,(k)—jk' Y(s)(s)ds),

was used in integrating by parts. Assuming ®” > 0 and f = 0, the term involving
@"(u,)| up,|*f is non-negative. Moreover, |u], < |h], so [aP(uAfdx is
bounded in [. Letting [ tend to co through the subsequence {/(i)} and using the

convergences u,, -» u and ¢, — ¢ uniformly on compact sets yields
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J (0w~ A9 ~ VR,
+ z() cp"(s)qs(s)ds) fldx < J 1’ (u) f dx

for fe CY(R"), 20, keR, ®" = 0. Next choose ®(s) = ®,(s — k) where P, is
given by (1.10) and let [ - co. Since

f " 0 (5)(s)ds  signg(u — D)B(K)

this yields
an signg(u — k) {uf — A(p(u) — ¢p(k))f, — hf}dx £ 0

for every ke R and non-negative f in C3(R"). (Notice that only continuity of ¢
has been used so far.) Since |ul, £ |h],, and limsup,.q |$(r)|/|r| <
¢(u) e L/(R"). According to Definition 1.1, A71(h —u)e Aou, so heu + Adqu.
Since u is unique by the accretiveness of A, it follows that lim,, T, b = T)h
holds with convergence in L}, .(R"). The assertions (i), (ii) and (iii) of Corollary 2.2
are known for T, ;and are preserved under L;; (R") convergence, so it remains to
establish (iv). If u = T,g, u € L°(R") and Aou = {¢(u),} by the proof of Lemma 1.1.
Thus ¢(u) e L'(R") and ¢(u), € L'(R"), which implies {_,¢(u).dx =0 (a similar
observation is used in proving Lemma 2.3, etc.). Since u + Ad(u), = g, the proof

is complete,

REMARK 2.2. A result of [3] shows that (ii) and (iii) of Corollary 2.2 imply
Jrnj (Tyh)dx < [gej(h)dx for any non-negative lower semicontinuous convex
function j: R — R such that j(0) = 0. Thus (i) is a consequence of (ii) and (iii).

ProOF OF THEOREM 1.1. We remark again that the closure 4 of 4, is accretive since
A, is accretive. Moreover, if he L'(R"), {h} = L'(R") N\ [°(R") and h, — h, then
{T;h} is Cauchy since T; is a contraction. Let w, = 17 1(h, — T;h,), so w, € A, Tyh,
and {w,} is Cauchy. If T;h, » v, w, = w, then we Av and h = v + Aw e R(I + 14).

ProoF OF THEOREM 1.2. The solution u(t) of (1.6) is given by u,?)
= (I + &A) 1" 'y, where [t/¢] is the greatest integer in t/e. Since lim,;, u(?)
= S(t)u, with convergence in L'(R™), (i), (iii), (iv), (v) hold for S(¢) if they hold for
(I + 24)™ ! in place of S(1). However, these relations have been established for T;
((iij) follows from the translation invariance) and therefore also hold in general.
For example, if ve L'(R") NIP(R") choose {v} < LI(R") N L*(R") such that
o], < |v], and v, v in L'(R"). Then Tyv, —(I + A4)™'v as above and
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ﬂ I+ 4"t ”p < liminf “ T, v, '[p < “ v “p.
k= o0
The inequality (ii) remains to be proved. Let v e L'(R") N L°(R") and u,(t) satisfy

(220

g™ Mu (1) — u(t — &) + Au,(t) = 0 t=0
{ u(t)=v t<0.

Then u(t) = (I + ed,) 147y for t 2 0, and
u,(t,x) = u,(t)(x). By Definition (1.1),

|u0], = |v], for p=1, co. Let

{SigHO(ue(t’ X) - k)(¢(us(tsx)) - ¢(k))f:‘C(t’ X)
(2.22) &

+ e (u(t — &,x) — u (t,x))signy(u,(t,x) ~ k) f(,x)}dx = 0
for every ke R and non-negative fe CJ((0, T) x R™). Let h(t,x) = (ut,x) — k)
signg(u,(t,x) — k) = I u(t,x) — kl. Notice that
(u,(t — & x) — u(t,x))signo(u(t, x) — k)
(2.23) = (u(t — &,x) — k)signg(u,(t,x) — k) — (u,(t,x) — k) signg(u,(s,x) — k)
< h(t—ex)— h(t,x).
Using (2.23) and integrating (2.22) over 0 =t < T yields

T
J f {signo(u,(t,x) — k) (Pp(u,(t,x)) — p(k))f:(1,X)
(2.24) 0 JR”

+ &7 M(h(t — &,x) — h(t,x))f(t,x)} dxdt 2 0.

Now

e*‘JT J {(h(t — &,x) = h(1,))f(1, %) }dxdt
0 Rn

T

= g ! JB h(t — &, x)f(t,x )dxdt — [

0 JR" T-e¢

f h(t xS, x)dxdt)

+J-T_a J h(t,x) (e~ D (f(t + & x) — f(t,x))dxdt.
Rn

&

The first and second integrals vanish for & small enough since f is in
C¥((0, T) x R". The convergence, u(t,x) - S(H)v(x) in L'(R"), uniformly in ¢
as ¢ — 0 implies the third term tends to
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T
J f | S(B)u(x) — k| £i(t,x)dx dt
0 R®

as ¢} 0. Hence Theorem 1.2 (ii) follows from letting ¢} 0 in (2.24).

3. A closer look at A whenn =1

The exposition in this section is brief and assumes some familiarity with (DE)
for n =1 and with accretive operators. A more detailed discussion is supplied in
[7]. There is a particular case of (CP) which is especially simple for us, but which
is not singled out by other approaches.

THEOREM 3.1. Let ¢:R->R be continuous and strictly monotone. Let
Av = ¢(v), for veD(4) = {u: ue L' (R) N L*(R) and ¢(u),e L'(R)}. Then A is
accretive and R(I + A4) 2 L*(R) NL*(R) for A > 0. If, moreover, ¢(R) = R,
then A is closed.

SKETCH OF PROOF. Let u € D(A). Then ¢(u), € L'(R) implies ¢(u) is continuous
and has limits at + oo. Hence u = ¢~ 1(¢(u)) has the same properties, and u € L!(R)
implies u tends to zero at + co. Now if u, ve D(4)

f " ($) ~ (). signa(u — v)dx = 0

since the integral may be written as a sum of integrals over the countable number
of components of {x: v(x) # u(x)}. Each such integral is evidently zero. It is
easy to see that 4 is closed if #(R) = R. To show, e.g., R + 4) 2 L'(R) N L (R),
it suffices to show R(I + 4) 2 C7 (R) and use suitable limiting arguments. Let
heCy(R). If, e.g., ¢ is increasing and h =0 on (— 00,a], solve
u(a) =0, u + ¢(u),=h for x > a.

The existence of such a u is a simple problem in ordinary differential equations
(change variables by w = ¢(u)) as is the fact that u e D(4) (set equal to 0 on
(= o0, a]). The sketch is complete. Note that D(A) is dense in L'(R) in this case.

This “‘special case’” turns out to be quite general, as the next remark of P. D. Lax
shows. Assume we want to solve

u, + ()b(u)x = 0’ u(O, x) = uo(X)

where ¢ is not monotone, but u,e L*(R). Then set v(t,x) = u(t,x — ct). The
problem for v is
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v, + (¢(v) + cv); = 0, v(0,x) = uo(x) .

If ¢ can be chosen such that ¢(s) + cs is monotone on {s: | s| < ” u, ”00 + 1}, we
are actually reduced to the case just treated (note that the behavior of ¢(s) for
|s| > |l uo | Plays no role, as in Section 2.)

Even though the case of monotone ¢ is nice from the generator point of view,
it can exhibit the following pathology:

ExampLE 3.1. Consider ¢(u)=u3. Let 4 be as in Theorem 3.1, and S(¢) the
associated semigroup. If u, € Cg(R), uy = 0 and u, is not identically zero, then
S(Duy ¢ D(A) for some t>0. To see this, note that S(f)uy(x) = u(t,x) where
u(t,x) is the classical solution of

ut + (us)x = 09 u(O’ X) = uo(X),

the equality holding while the classical solution exists. Analysis by the method of
characteristics shows there is a positive ¢, such that u(t, x) exists for 0 < ¢t < to,
x € R but the limit lim,,,, u(t, x) (taken, e.g., in L}(R)) is not continuous. Hence
S(to)u, is not in D(A4). Other examples of this kind are known. However they
are either uninteresting from the point of view of partial differential equations or
depend on a ‘‘poor’’ choice of X.

We leave the monotone ¢ case now to observe other phenomena.

ExaMmpPLE 3.2. Let ¢(u) = 4u® Then A, defined as in Theorem 3.1, is not
accretive. In particular, ‘‘weak> solutions of u + (u%),=h are, in general,
not unique. To see this, let u(x) = — max(x + 1,0) for x < 0and u(x) = — u(— x)
for x >0. Then ueL!(R) NL*(R), (u?),eL'(R) but [p|u + A(u?),|dx <
Jr|uldx for 0< 2 <1.

ExampLE 3.3. Let ¢(u) = u”. Then the closure A of 4,, where D(4,) = C5(R),
Au =(u?), does not satisfy R(I + A,) = L'(R). To see this, let u(x) =
max (x +1,0) for x < 0, u(x)= —u(—x) for x = 0. Then check directly that
[eltt = v+ Mu?),—Ay) [ dx 2 [rn|u — v|dx for 420 and veD(4,). Assume
v+ Av=u + (u?),. Then there exists {u;} = D(A;) such that u; + A,u; —
u + (u?), in L'(R). By the above remark, this implies u; - u in L(R) and A,u,
=(u}), > ?), in L}(R). Then ;- u? uniformly. However, uy—u in L{(R)
implies (since each u; is continuous) that there exists a sequence {x;} such that
x;— 0 and u,(x;) = 0. Then the uniform convergence u;’— u? implies 4%(0) =0, a

contradiction.
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The theory of Section 1 and 2 would be much cleaner if, for the 4 of Theorem 1.1,
ve D(A) implied ¢(v) e L'(R"). This is not the case.

ExaMPLE 3.4. Let ¢(s) = si. Let

-2 x=1

X 7
u(x) ={

max(0,x), x=1.

Then ueIL(R) and ¢(u),eI}(R). However, ¢(u(x))=x"2?* for x> 1, so
¢(u) ¢ I}(R). Finally, u € D(4) by Theorem 3.1.

Similarly, it would be nice if v € D(A) implies ¢(v) € L. This seems unlikely for
n>1.

REMARKS. Most of the examples in this section were derived in conversations
with H. Brezis. It should be pointed out that Theorem 3.1 and the remarks
following it lead to an existence theorem for (CP) if n = 1 which is new and goes
beyond the results of Section 2. See [7].

Added in proof. The author is indebted to Ph. Bénilan for pointing out a
mistake in a previous formulation of Theorem 3.1. Bénilan has also shown that
Theorems 1.1 and 1.2 remain true when the assumption on ¢ iss weakened to
lim,_ o ¢()/| r["~ /" = 0 provided that Definition 1.1 is altered slightly.

4. Comments

We begin with remarks about Lemma 2.1 and the proof of Lemma 2.2. Let X
be a real Banach space and X* its dual. Define

(4.1) H(x) = {x*eX*: (x,x*) =] x| and |x*| =1},
where (x,x*) denotes the value of x* at x. The multivalued operator x — F(x)
= ”x"H(x) is called the duality map of X in the semigroup theory. For

X =I}R") and ueI!(R"), H(u) =signu. Lemma 2.1 is a special case of the
following result of Kato [11, Lemma 1.1].

LemMa 4.1. Let x, yeX. Then ”x + Ay H > ”x“ Sor A= 0 if and only if
there is an x* € H(x) such that (y,x*)=0.

The lemma clearly remains true if H(x) is replaced by F(x). The proof of
sufficiency 1is essentially the same as in Lemma 2.1. Moreover, the assumption of
Lemma 2.1 is seen to be a necessary condition for the conclusion to hold. Lemma
2.2 is a special case of:

LemMMA 4.2. Let X be a separable Banach space, {x,} = X and x;*e H(x,).
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If {x;} converges in X to x, then {x}} has a subsequence {x}} convergent weakly-
star to an element x* of H(x).

Proor. Since {xj} is precompact in the weak-star topology on X*, which is
metric on bounded sets since X is separable, there is a weakly-star convergent
subsequence {xf} of {x}}, say xi »x* Then |x| =lm,,, | x| =lim._,
(x4, i) =(x,x*) and H x* || < liminf,, | x| £ 1 shows x* € H(x). The proof
is complete. (Of course, a similar result holds if X is not separable.)

The technical difficultes requiring our precision concerning ‘sign’’ in the
generality we treated (DE) do not occur in [13], since there only expressions like
(sign(u — h))f(u, h) occur where f(k, k) = 0. Thus the definition of *‘sign (u — h)”
for u = h is immaterial. However, this point does arise in the generality of [13]
and is ignored. In particular, concern over this point dictated the order of several
limiting procedures in Section 2. The result of H. Brezis, appearing in the ap-
pendix to this paper, has clarified this situation.

The generation theorem stated in Section 1 is a special case of the main result
of [8]. For example, if A4 is as in Theorem 1.1, f: R* x R — R has the properties
f(x,0)e L}(R") and f(x,u) is Lipschitz continuous in u uniformly in x, then a
semigroup is associated with A,u = Au + f(x,u) for u € D(4). This corresponds

to the generalization
ut + d)(u)x +f(x’u) = 0

of (DE). The results of [9] allow a certain restricted t-dependence ¢(t,u). The
most difficult generalization is to an x-dependence, ¢(x,u). Here our type of
argument becomes messier. Assuming, e.g., ¢(x,u) is independent of x for | x|
large, variants may be carried through. Then the hyperbolic character of (CP) (in
particular, bounded domains of dependence), as strongly reflected in the
uniqueness theorem of [13], can be used to obtain results. Overcoming the
technical difficulties associated with x dependence is one of the main points of [13].

It was mentioned that the allowability of multivalued operators in the Gener-
ation Theorem is a convenience. To underscore this, recall that we showed Aqv is
singlevalued on ve D(4,) N L°(R"), but did not show it for veD(4,). Even if
this were true {(and it probably is), a separate argument would be needed to treat
the closure A of A,. In any case, even if A is singlevalued, it would avail nothing
to prove it. Single-valuedness has no known consequence for the Generation
Theorem in nonreflexive spaces.

Finally we remark on the continuity of S(t)u, in t. It is known that S(t)u, is
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Lipschitz continuous in ¢ (as an L'(R") valued function) for u, € D(4). See [8].
If ¢ € C1, this is the case for uo € Co(R"). An extended set D(A) 2 D(4) is defined in
[5] such that S(f)u, is Lipschitz in ¢ precisely for u,€D(4). We note that if
[rnh(x + Ax) — h(x)| dx < K| Ax|, ¢ €C" and ¢’ is bounded, then heD(A),
and the same is true if ¢ € C! and h e L°(R") as well. To see this, it is enough to
note that for h as above and heL}(R") N L”(R")

u, + Ap(u,), — eAu, = h
implies

J ]ua(x + Ax) —us(x)ldxéK]Ax]

by Proposition 2.3. Hence ” Ugx, “1 < K for every i. Moreover, “ o(u,), “ 1SKK
where K, is a bound on |¢'(s)| for |s| < | h|,. Then limit arguments and
properties of D(A) given in [5] are used to extend to general h as above. This
continuity of S(t)u, is noted in [3].

Appendix

The results presented in this appendix are due to H. Brezis. Let
{-1} if r<0
Signr = {[-1,1] if r=0
{1} if r>0.

The inequality (1.7) in Definition 1.1 involves signy(v(x) — k), which is a particular
choice of a function « € L°(R" x R) such that

(A1) ofx, k) e Sign(v(x) — k)

for almost all (x,k) e R" x R. The proof of Proposition 2.1 uses the facts that this
choice is independent of v (in the sense that u(x,) = v(x,) implies signy(u(x,) — k)
= signy(v(x,) —k)) and the function fin (1.7). Lemma A of this appendix provides
two equivalent definitions of A,, one of which states that in (1.7) signy(v(x) — k)
may be replaced by any aeL*(R" x R) satisfting (A.1), and that o may even
depend on f.

Let P be the set of all functions p: R — R which satisfy

(i) p is nondecreasing and Lipschitz continuous and

(ii) p’ has compact support.
Let P be the set of p e P such that p(+ o) + p(— ) = 0.
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LEMMA A. Let ¢ be continuous. If v, we LN(R™) and ¢(v) e L'(R"), then the
following assertions are equivalent:

(i) weAdy.
(ii) If peP, feCg(R™) and f = 0, then

— $(p(+ ©) + p(— 0)) f [o(v)f + wfldx
(A.2) R

+ | RECICOTERTAETA J PO (s} dx 20

(iii) If fe C3(R™) and f = 0, then there exists o € L°(R" x R) such that a(x,k) e
Sign(v(x) — k) a.e. in R" x R and

L"a(x, ) {(¢(v) = ¢(K)f, +wfldx 2 0

for almost all k € R.

Proor. It is clear from the definition of A4, that (i) = (iii). We shall first prove
(ii) = (i). Since fe CZ(R™), the expression [§d(s)p’(s)ds in (A.2) can be replaced by
{;d(s)p'(s)ds for pe R. Set p = k and p(s) = @j(s — k) in (A.2) where @; is given
by (1.10). Since p e P,

lim f " 01 — K)b()ds = signo(e(x) — K)(K),

-

and lim,_, , ®;(s — k) = signy(s — k), passing to the limit as I — oo in (A.2) yields
[ siemte = 000~ 90005+ wrlax 20
Rn

which implies w € Ayv.

The proof is completed by showing that (iii) = (ii). Let fe C3(R"), f= 0 and
ae I*(R" x R) have the properties stated in (iii).

It is easy to see that if

g(k) = 'La(x, k) {(6(v) — p(K)f + wf}dx,

then g e [°(R"). Let peP and consider 2K = [ p'(k)g(k)dk, which is well
defined since p’ has compact support. Moreover K = 0O since p’ 2 0and g = 0 a.e.
by assumption. Now, if h = ¢(v)f, + wf we have
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1 fw p'(k) (J a(x, k)h(x)dx) dk = %j h(x) (Jm p'(k)a(x, k)dk)dx
—w R® R~ -

1 JRnh(x) (j”(:p,(k)a(x, kydk + me) p'(k)a(x, k)dk)dx

- o(

3 fRn h(x) ( Jw_(:p’(k)dk - fv:c)p’(k)dk) dx

= 3 [ H[2(0) = (pC+ e0) + p(= )

~ 30+ )+ o= ) [ hdx + [ po0phGad

Similarly,

[0 ([ owatmbax)k =4 £ ([ pwston )i

-1 % (( f_OJ 2 | g [ )rwswaon)- 7 ( | o (6)8(5ds

Thus

K= ~3((+ @)+ p(= ) [ (80 +wldx + [ ([0 +50]

. [ #oreasaxzo,
]
The proof is complete.

REMARK. It is clear from the proof that if (1) holds for every p € P (or even for
all ®;(s — k)), then (i) holds. Also, if the definition of A, is altered by substituting
““almost all ke R” for ‘“‘every ke R’ and “‘¢(v) € L, (R")”’ for ““¢p(v) e LN(R")”’
then Lemma A remains true if ¢ € L}, (R).

In general, A4, is not closed. However, if ¢ is continuous and there is a constant
K such that l(/)(r)] =< Ki r] for r e R, then A, is closed. This is not obvious from
Definition 1.1 alone, and we prove it here to illustrate the nature of Lemma A.
Indeed, under these assumptions on ¢, the maps v— ¢(v), v — p(v)d(v) and
v~ [¢ ¢(s)p'(s)ds are each continuous mappings of I!(R") into I!(R") for peP.
Hence the set of [v,w] e L'(R") x L'(R") for which (A.2) holds is closed, and the
result follows immediately.
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